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Proper-time hypersurface of non-relativistic matter flows: Galaxy bias in general relativity
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We compute the second-order density fluctuation in the proper-time hypersurface of non-relativistic matter
flows and relate it to the galaxy number density fluctuation, providing physical grounds for galaxy bias in
the context of general relativity. At the linear order, the density fluctuation in the proper-time hypersurface is
equivalent to the density fluctuation in the comoving synchronous gauge, in which two separate gauge conditions
coincide. However, at the second order, the density fluctuations in these gauge conditions differ, while both
gauge conditions represent the same proper-time hypersurface. Compared to the density fluctuation in the
temporal comoving and the spatial C-gauge conditions, the density fluctuation in the commonly used gauge
condition (N = 1 and Nα = 0) violates the mass conservation at the second order. We provide their physical
interpretations in each gauge condition by solving the geodesic equation and the nonlinear evolution equations
of non-relativistic matter. We apply this finding to the second-order galaxy biasing in general relativity, which
complements the second-order relativistic description of galaxy clustering in Yoo & Zaldarriaga (2014).
PACS numbers: 98.80.-k,98.65.-r,98.80.Jk,98.62.Py
I. INTRODUCTION
The discovery of the late-time cosmic acceleration has cre-
ated the problem of the century in physics, spurring numer-
ous theoretical and observational investigations in the last
decades. In particular, enormous amount of efforts have been
devoted to large-scale galaxy surveys that can be used to map
the three-dimensional matter distribution. Millions of galaxies
at higher redshift with larger sky coverage will be measured in
the upcoming future surveys such as the Dark Energy Spectro-
scopic Instrument, the Large Synoptic Survey Telescope, and
two space-based missions Euclid and the Wide-Field Infrared
Survey Telescope.
In light of this recent development in large-scale galaxy sur-
veys, the general relativistic description of galaxy clustering
has been developed [1–6]. In the standard Newtonian descrip-
tion, gravity is felt instantaneously across the horizon, and a
hypersurface of simultaneity is well defined. However, none
of these are valid in general relativity, and the Newtonian de-
scription breaks down on cosmological scales, in which dark
energy models manifest themselves or modified gravity the-
ories deviate from general relativity. The relativistic descrip-
tion is, therefore, an indispensable tool in the era of precision
cosmology.
Cosmological observations are performed by measuring
photons emitted from distant sources like galaxies, and they
are affected by the matter fluctuation and the gravitational per-
turbations along the path to reach us. Of significant interest
is, therefore, to derive the relation of the observable quanti-
ties to the physical quantities of sources and to understand
how various relativistic effects such as gravitational poten-
tial and curvature perturbation affect this relation along the
light propagation. In this way, the relativistic description of
galaxy clustering naturally resolves gauge issues [1, 2] that
often plague theoretical predictions, providing a complete de-
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scription [7] of all the effects in galaxy clustering such as the
redshift-space distortion, the gravitational lensing, the inte-
grated Sachs-Wolfe effect, and so on (see [8] for a review).
A significant portion of the relativistic effects in galaxy
clustering arise due to the mismatch between the physical
quantities and the observable quantities, and this mismatch is
tackled by tracing the light propagation backward in time and
by deriving the their relations. However, what we measure is
galaxies, not matter, and the relation between the galaxy and
the underlying matter distributions, known as galaxy bias, is
another difficulty in formulating the relativistic description of
galaxy clustering. In general, the physical galaxy number den-
sity can be separated into the mean n¯g(τ) and the fluctuation
δintg around it:
ng = n¯g(τ)(1 + δ
int
g ) , (1)
and the linear bias model [9] in Newtonian dynamics shows
that the intrinsic galaxy fluctuation should be proportional to
the matter density fluctuation δm on sufficiently large scales:
δintg = b δm , (2)
where the proportionality constant b is the bias factor. Since
the separation of the mean and the fluctuation in Eq. (1) is ar-
bitrary and relies on unspecified coordinate time τ , the biasing
relation in Eq. (2) makes little sense in the context of general
relativity and is gauge-dependent.
From the relativistic perspective, Yoo, Fitzpatrick, and Zal-
darriaga [1] assumed that the galaxy number density is a func-
tion of the matter density ρm (not the matter density fluctua-
tion δm) at the same spacetime point:
ng = F [ρm] . (3)
The galaxy biasing in Bonvin and Durrer [4] and Bruni et al.
[10] is neglected or assumed to follow the matter density, re-
spectively (hence it is essentially equivalent to Eq. [3] with
F being the identity function). While this biasing scheme is
fully general and covariant, it is physically restrictive as the
2time evolution of galaxy number density is strictly driven by
the matter density evolution n¯g ∝ (1 + z)3. To relax this re-
striction, while keeping the locality, additional freedom was
provided in Yoo et al. [6] to allow galaxy number density to
depend on its local history (or proper-time), describing differ-
ent evolutionary tracks of galaxy number densities at the same
matter density.
By arguing that the galaxy number density is a Newtonian
gauge quantity and its Poisson equation is related to the matter
density fluctuation δsynm in the synchronous gauge, Challinor
and Lewis [3] chose the synchronous gauge for galaxy bias
in general relativity, and the biasing relation in Eq. (2) be-
comes δintg = b δ
syn
m . Jeong et al. [5] advocated the constant-
age hypersurface (or the proper-time hypersurface) for the bi-
asing relation, as the proper-time is the only locally measur-
able quantity that carries physical significance on large scales.
A proper generalization in the context of general relativity is
made in Baldauf et al. [11] by constructing a local Fermi co-
ordinate, in which local observables can be explicitly written
in terms of the local curvature and the local expansion rate.
These biasing schemes based on the proper-time hypersurface
[3, 5, 6, 11] are all equivalent to each other at the linear order.
Given these theoretical developments, it is rather straight-
forward, albeit lengthy, to extend the relativistic formalism to
the second order in perturbation. The second-order perturba-
tions are naturally smaller than the linear-order perturbations.
However, they do contain critical and invaluable information
about the perturbation generation mechanism in the early Uni-
verse. In the standard single-field inflationary model, the Uni-
verse is well described by its nearly perfect Gaussianity on
large scales, in which the power spectrum contains the com-
plete information. However, any models beyond the single-
field inflationary model have additional degrees-of-freedom,
and these additional fields couple to the curvature perturba-
tions, leaving non-trivial signatures manifest in higher-order
statistics such as the bispectrum (see, e.g., [12–14]). Even in
the standard single field model, gravity waves generate non-
trivial trispectrum in the curvature perturbations [15]. These
unique signatures in the initial condition are generically subtle
and nonlinear relativistic effects, requiring proper relativistic
treatments beyond the linear-order in perturbations. In this re-
spect, the second-order relativistic description of galaxy clus-
tering provides an essential tool to probe the early Universe
in large-scale galaxy surveys, and it was recently formulated
[16–18].
Bertacca et al. [17] advocate that the proper-time hypersur-
face (or the rest-frame of baryons and dark matter) should be
used for second-order galaxy bias, and they chose the matter
density fluctuation δIIm in the comoving-time orthogonal gauge
(see our gauge choice II in Table I) that becomes comoving-
synchronous gauge for a presureless medium. In Di Dio et al.
[18], the galaxy number density is approximated as the matter
density, and the second-order galaxy biasing is left for future
work. In Yoo and Zaldarriaga [16], the proper-time hyper-
surface is also advocated for the second-order galaxy biasing
scheme, but no specific choice of gauge condition is discussed
for computing the matter density fluctuation δtpm in the proper-
time hypersurface at the second order.
Here we provide the missing ingredient, completing the full
second-order relativistic description in [16]. We compute the
second-order matter density fluctuation δtpm in the proper-time
hypersurface of non-relativistic matter flows. In particular, we
focus on several gauge choices summarized in Table I in com-
puting δtpm . Interestingly, these common gauge conditions pro-
vide different matter density fluctuations at the second order,
posing a critical question in formulating galaxy bias in general
relativity — which one and why? any gauge issues? We show
that the matter density fluctuation in gauge choice I in Table I
is the correct and physical choice for the matter density fluc-
tuation in the proper-time hypersurface that can be used for
galaxy bias in general relativity at the second order.
Technical details of these gauge conditions at the second or-
der are extensively discussed in Hwang and Noh [19] (see also
[20, 21] and [22] for different derivations). Here we provide
physical interpretations of each gauge condition and discuss
how they can be applied to second-order galaxy bias in gen-
eral relativity. The organization of the paper is as follows. In
Sec. II, we present the basic formalism for computing the flow
of non-relativistic matter and derive the matter density fluctu-
ation in the proper-time hypersurface by solving the geodesic
equation. Various observers are defined in Sec. II C. Several
gauge choices in Table I and the gauge issues associated with
them are discussed in Sec. III in computing the matter den-
sity fluctuation in the proper-time hypersurface. In Sec. IV,
we present the nonlinear evolution equations and derive their
solutions for each gauge choice. Gauge issues in the solu-
tions and their physical interpretation are discussed in Sec. V
and Sec. VI, respectively. Finally, we summarize our finding
and discuss the implications of our results in Sec. VIII. Two
appendices summarize useful relations that are used in the pa-
per.
Throughout the paper spacetime indices are represented by
Latin indices, while spatial indices by Greek indices. Equa-
tions and variables in this paper should be considered nonlin-
ear, unless perturbation order is specifically mentioned.
II. FLOW OF NON-RELATIVISTIC MATTER
Here we present the formalism for describing non-
relativistic matter flows in cosmology and derive the matter
density fluctuation δtpm in the proper-time hypersurface.
A. Spacetime metric
We first define the spacetime metric gab, on which our cal-
culations rely. The background universe is described by the
usual FRW metric and small departures from the homoge-
neous and isotropic universe are captured by metric pertur-
bations
δg00 = −2 A , δg0α = −a Bα , δgαβ = 2 a
2Cαβ , (4)
where the zeroth coordinate is the proper time t (not the con-
formal time), the scale factor is a(t), and the perturbationsBα
3and Cαβ are based on the three-metric g¯αβ in the background.
The departures in the metric are defined in a non-perturbative
way, and hence each variable can be perturbatively split at
each order, e.g.,
A = A(1) +A(2) +A(3) + · · · . (5)
According to the generalized Helmholtz equation [23, 24], we
further decompose the perturbation variables into scalar (β, ϕ,
γ), transverse vector (Bα, Cα), and traceless transverse tensor
(Cαβ ) as
Bα = β,α+Bα , Cαβ = ϕ g¯αβ+γ,α|β+C(α|β)+Cαβ , (6)
where the round bracket is the symmetrization and the comma
and the vertical bar are the spatial derivative and the covariant
derivative with respect to g¯αβ , respectively. It is noted that
the decomposition is also independent of perturbation orders
[16], and their spatial indices make the separation of scalar,
vector, and tensor apparent.
B. ADM formalism
As we need to work on higher-order perturbations, it proves
convenient to work with the Arnowitt-Deser-Misner (ADM)
formalism [25, 26] and to derive fully nonlinear equations be-
fore we perform perturbative calculations. Its connection to
the perturbed FRW metric is given in Appendix A.
In the ADM formalism, the spacetime is split into an or-
dered sequence of hypersurfaces labeled by a time coordi-
nate t, and the intrinsic geometry of hypersurfaces is repre-
sented by the spatial metric hαβ = gαβ . The proper-time ∆τ
between two hypersurfaces separated by ∆t is characterized
by the lapse functionN , and the shift vectorNα describes the
spatial coordinate change of a normal direction between the
hypersurfaces:
∆τ = N∆t , ∆xα = Nα∆t . (7)
Therefore, the spacetime metric in the ADM formalism is de-
scribed as
ds2 = gabdx
adxb = −N2dt2+γαβ(dx
α+Nαdt)(dxβ+Nβdt) ,
(8)
where the individual metric components are
g00 = −N
2+NαNα , g0α = Nα = hαβN
β , gαβ = γαβ ,
(9)
and their inverse components are
g00 = −
1
N2
, g0α =
Nα
N2
, gαβ = γαβ−
NαNβ
N2
. (10)
Given the 3+1 split in the ADM formalism, the local bend-
ing of spacelike hypersurfaces in spacetime is described by
the extrinsic curvature
Kαβ =
1
2N
(Nα:β +Nβ:α − γαβ,0) = −NΓ
0
αβ , (11)
whereΓabc is the Christoffel symbol based on gab and the colon
is the covariant derivative with respect to γαβ . The extrinsic
curvature can be further split into the trace partK = γαβKαβ
and the traceless part K¯αβ as
K¯αβ = Kαβ −
1
3
γαβK . (12)
C. Different observers
In cosmology, many different observers can be defined in
describing the fluid and the metric quantities, although each
observer may not be related to real observation. Here we clar-
ify the difference by providing the exact definitions for later
use, while keeping the terminology “observers.”
In the ADM formalism, the normal observer is defined by
the flow of the normal direction of spatial hypersurfaces
na = (−N, 0) , n
a =
(
1
N
, −
1
N
Nα
)
. (13)
The normal observer is indeed the normal vector of hypersur-
faces in 3+1 split, the flow of which is related to the extrinsic
curvature
Kαβ = −nα;β , (14)
where the semicolon denotes the covariant derivative with re-
spect to gab in spacetime. The induced metric on the hyper-
surface is, therefore, γαβ = gαβ + nαnβ = gαβ . The normal
observer, as defined in a given coordinate system, is a geo-
metric quantity, but is not necessarily related to any flow of
matter.
In general, a four velocity vector ua can be defined to de-
scribe the flow of any fluids in cosmology
u0 ≡ 1 + δu0 , uα ≡
1
a
V α , (15)
where the perturbations (δu0, V α) are defined with respect
to the case in a homogeneous universe (hence based on g¯αβ)
and they are subject to the time-like normalization condition
(uaua = −1; similarly for the normal observer). If spatial
velocity vector V α is the velocity of a fluid component, the
observer described by uα moves together with the fluid and is
called the comoving observer. Here we will consider the case
in which the observer with ua always moves together with the
fluid, hence the comoving observer. However, two velocities
can be different in principle, and the observer with ua may not
be necessarily comoving with any fluids.
Another observer of interest is the coordinate observer
(V α ≡ 0), whose motion is fixated at a given spatial coor-
dinate (hence the name). Same as for the normal observer,
the coordinate observer is not directly related to any flow of
matter. For later convenience, we define the covariant spatial
component of the four velocity vector
uα = gαbu
b ≡ a (−v,α + vα) , (16)
4in terms of scalar v and vector vα components. The four ve-
locity vector ua can be used to describe the normal vector na,
if v = vα = 0, which is called the comoving gauge condition
(see Sec. III).
It is evident from the definition of various observers that
the comoving observer is physically relevant to the evolution
of fluids in cosmology, while the normal and the coordinate
observers describe the geometry of a given spacetime metric
and coordinate system.
D. Covariant decomposition and energy-momentum tensor
Any four velocity vector can be covariantly decomposed
into physically well-defined quantities of flows described by
ua [27, 28]
ua;b =
1
3
θ hab + σab + ωab − aaub , (17)
where the expansion and the acceleration of the flow are
θ = ua;a , aa = u
bua;b , the projection tensor hab =
gab + uaub , and the shear and the rotation of the flow are
σab = u(a;b) + a(aub) , and ωab = u[a;b] + a[aub] . A simi-
lar decomposition is possible for the normal observer na, and
these covariant quantities represent the geometry of the hyper-
surface in spacetime:
θ = −K , ωab = 0 , σαβ = −K¯αβ . (18)
The energy-momentum tensor of fluids can be written in
full generality [27, 28]
Tab = ρ uaub + p hab + 2q(aub) + piab , (19)
where ρ and p are the energy density and isotropic pressure of
the fluid, qa is the energy flux, and piab is the anisotropic pres-
sure. Those fluid quantities are ones measured by the observer
described by ua:
ρ = Tabu
aub , p =
1
3
Tabh
ab ,
qa = −Tcdu
chda , piab = Tcdh
c
ah
d
b − p hab , (20)
and hence they are frame-dependent (or observer dependent)
[20]. Therefore, it is most convenient to use the fluid quanti-
ties measured by the comoving observer, or the fluid quantities
in the rest frame, i.e., qa = 0.
Here we will focus on the presureless medium of non-
relativistic matter with p = piab = 0, a good approximation
to the late-time Universe on large scales, where baryons are
effectively pressureless. Hence the energy-momentum tensor
simplifies as
Tab = ρmuaub . (21)
Furthermore, we will consider an irrotational fluid ωab = 0,
which dictates that the vector component of the four velocity
should vanish
vα = 0 . (22)
E. Geodesic motion of non-relativistic matter
We are interested in the motion of non-relativistic matter
described by the energy-momentum tensor in Eq. (21). With-
out pressure, the non-relativistic matter responds to the gravity
only, following the geodesic path, and the geodesic equation
is aα = 0:
aα = u˙αu
0 + uα,βu
β −
u0u
0
N
[
N,α −KαβN
β
]
−uβu
0
[
−
1
N
N,αN
β −NKβα +N
β
:α +
1
N
NβN δKαδ
]
+
u0u
β
N
Kαβ − uδu
β
[
Γ(γ)
δ
αβ +
1
N
N δKαβ
]
, (23)
where Γ(γ)δαβ is the Christoffel symbol based on γαβ . For the
normal observer uα = nα = 0, the geodesic equation greatly
simplifies as
aα =
1
N
N,α = 0 . (24)
In Sec. II C we considered different observers with four ve-
locity vector ua. For non-relativistic matter flows, the path
described by ua is timelike, and the normalization condition
(−1 = uaua) implies that the path can be parametrized by
the affine parameter λ in proportion to the proper time τ , i.e.,
ua = dxa/dλ. Therefore, the path of the observers in space-
time can be obtained by integrating their velocity vector over
the affine parameter λ
xaλ − x
a
λo
= (tλ − tλo , x
α
λ) =
∫ λ
λo
dλ′ ua , (25)
where we set the spatial coordinate xαλo = 0 at λo. To the
zeroth order in perturbation, the spatial position remains un-
changed δxα = 0, and the proper time elapsed along the fluid
is related to the affine parameter
∆τ = t¯λ − t¯λo = λ− λo . (26)
In the presence of perturbations, the path of the observers
drifts away from the background relation
xaλ − x
a
λo
≡ (∆τ + δτ, δxα) , (27)
and from Eq. (25) the spacetime drifts ∆xa = (δτ, δxα) are
derived to the second order in perturbations as
δτ =
∫ t¯
t¯λo
dt¯
[
δu0 +∆xaδu0,a
]
, (28)
δxα =
∫ η¯
η¯λo
dη¯
[
V α + a∆xb
(
V α
a
)
,b
]
,
where η is the conformal time and the overbar is used to in-
dicate that the integration is along the background path. Note
that the spacetime drifts∆xa in the integrand should be evalu-
ated at λ, not at the background. However, to the second order
in perturbation, it can be evaluated at the background. While
we focus on the geodesic motion of non-relativistic matter,
the spacetime drifts in Eq. (28) are valid for flows with non-
vanishing acceleration, as long as their path is timelike.
5TABLE I: Gauge conditions considered in this paper
gauge choice temporal gauge condition spatial gauge condition ADM variables comoving observer remaining gauge mode
I comoving v = 0 γ = Cα = 0 (C-gauge) N = 1, Nα 6= 0 normal No
II comoving v = 0 β = Bα = 0 (B-gauge) N = 1, Nα = 0 normal, coordinate Yes
III synchronous A = 0 β = Bα = 0 (B-gauge) N = 1, Nα = 0 · Yes
F. Matter fluctuation in proper-time hypersurface
Having related the coordinate time t of observers to their
locally measured proper-time τ , we can construct a hypersur-
face of same proper-time of non-relativistic matter and com-
pute the matter density fluctuation δtpm in the proper-time hy-
persurface. Since the matter density at a given spacetime point
can be split into the background and the fluctuation around it,
ρm(x
a) = ρ¯m(t) [1 + δm(x
a)] = ρ¯m(τ)
[
1 + δtpm
]
, (29)
we derive δtpm to the second order in perturbation:
δtpm = δm − 3Hδτ(1 + δm) +
3
2
(3H2 − H˙)δτ2 , (30)
where H is the Hubble parameter. It is noted that the expres-
sion is gauge-invariant at the linear order, as the time-slicing is
fully specified. A proper-time hypersurface of non-relativistic
matter flows is physically well-defined, corresponding to a
complete choice of gauge condition. However, at the second
order, the spatial gauge transformation affects perturbations,
and the spacing of the hypersurface needs to be fully speci-
fied.
III. GAUGE CHOICE
Here we describe gauge choices one can make in computing
the matter density fluctuation δtpm in the proper-time hypersur-
face. Since the proper-time hypersurface of non-relativistic
matter is physically well-defined, any gauge choice can be
made to compute δtpm in Eq. (30). However, it would be prefer-
able to make a gauge choice, in which the coordinate time rep-
resents the proper time of non-relativistic matter flows, i.e.,
δτ = 0. Meanwhile, unphysical gauge modes may remain
in the solutions for certain choices of gauge conditions. For
instance, it is well-known that the synchronous gauge fails to
completely fix gauge freedom and has gauge modes to the lin-
ear order (e.g., [29]). Here we consider three popular choices
of gauge conditions summarized in Table I and discuss the
geodesic motion of the comoving observer and the matter den-
sity fluctuation in each gauge choice. The second-order matter
density fluctuations are derived in Sec. IV, and their gauge is-
sues and physical interpretation are discussed in Sec. V and
Sec. VI, respectively.
A. Gauge transformation
The principle of general covariance dictates that any co-
ordinate system can be used to describe physics in general
relativity. However, since the background quantities in cos-
mology depend only on the time coordinate due to symme-
try, a change in coordinate systems accompanies a change in
the correspondence to the background, and perturbations in a
given coordinate system accordingly change [23].
Given a coordinate transformation,1
η˜ = η + T , x˜α = xα + Lα , (32)
the scalar and the vector perturbations gauge transform to the
linear order as
A˜ = A− T ′ −HT , β˜ = β − T + L′ , ϕ˜ = ϕ−HT ,
γ˜ = γ − L , v˜ = v − T , δ˜m = δm + 3HT ,
χ˜ = χ− aT , κ˜ = κ+
(
3H˙ +
∆
a2
)
aT ,
B˜α = Bα + L
′
α , C˜α = Cα − Lα , (33)
where the prime is the derivative with respect to the conformal
time, the conformal Hubble parameter is H = a′/a = aH ,
and we further decomposed the spatial transformation into
scalar L and vector Lα as
Lα = L,α + Lα . (34)
For later reference, we defined χ = a(β + γ′) and κ = δK =
3(HA − ϕ˙) − ∆χ/a2. The spatial vector vα and the tensor
Cαβ perturbations are gauge-invariant at the linear order. It is
noted that the gauge-transformation relations in Eq. (33) are
valid only to the linear order, and we will consider second-
order gauge-transformation in Sec. V.
Gauge freedoms expressed in terms of T and Lα need to be
fully removed by an appropriate choice of gauge conditions.
Otherwise, perturbation variables are not uniquely defined, as
illustrated in Eq. (33). We use temporal and spatial gauge
conditions to refer to the gauge conditions fixing the tempo-
ral T and the spatial Lα gauge freedoms, respectively.
1 Here we use the conformal time η in considering a coordinate transforma-
tion, instead of the proper time t. The relation for two different coordinate
transformations can be readily derived as
Tt = aTη +
1
2
a′T 2η + · · · , (31)
where Tt and Tη are defined in relation to their coordinate transformations.
6B. Gauge choice I: Temporal comoving and spatial C-gauge
We consider the first gauge choice in Table I, in which the
temporal gauge condition is set by v = 0 of non-relativistic
matter flows and the spatial gauge condition is set by γ =
Cα = 0 (C-gauge). With the irrotational condition of the fluid,
the temporal gauge condition v = 0 implies the covariant spa-
tial component of the observer vanishes uα = 0 in Eq. (16)
and the energy-momentum tensor in Eq. (21) is
Tab = N
2ρmδ
0
aδ
0
b , T
0
α = 0 . (35)
Therefore, this gauge choice is often called the comoving
gauge, as the rest-frame comoving observer sees a vanishing
energy flux T 0α = 0. Furthermore, the four velocity vector of
the comoving observer in this case describes the normal ob-
server ua = na, which differs from the coordinate observer,
though.
It is apparent in Eq. (33) that the temporal comoving gauge
condition sets T = 0 and the spatial C-gauge condition sets
Lα = L = 0, completely eliminating the gauge freedom
to the linear order. To the second order in perturbation, we
will choose v = 0 as our temporal gauge condition. It
was explicitly shown [16, 20] (see also Eqs. [70] and [71] in
Sec. V) that the spatial gauge condition γ = Cα = 0 to the
higher-order in perturbation completely fixes the gauge free-
dom T = L = Lα = 0 if the linear-order gauge condition
that sets T = 0 is chosen to the higher-order in perturbation.
From the geodesic condition in Eq. (24), the lapse function
can be set N = N(t) = 1 (see Sec. V and Appendix A).
The metric perturbations and the ADM variables in this gauge
choice are
Bα =
1
a
χ,α +Ψα , Cαβ = ϕg¯αβ + Cαβ , (36)
Nα = −χ,α − aΨα , hαβ = a
2 [(1 + 2ϕ)g¯αβ + 2Cαβ] ,
where we defined the vector perturbation Ψα = Bα+C′α. To
the linear order in perturbation Ψα is gauge-invariant and χ is
spatially gauge-invariant, according to Eq. (33).
In this gauge choice, the comoving normal observer is
ua = na = (1, −Nα) , δu0 = 0 , (37)
and the geodesic path of the observer is
xaλ − x
a
λo
= (∆τ, δxα) , δτ = 0 , (38)
where the time drift vanishes and the spatial drift is
δxα = −
∫ t¯
t¯λo
dt¯
[
Nα + δxβNα,β
]
. (39)
Over some proper time ∆τ measured by the comoving ob-
server in the rest frame of non-relativistic matter, they drift
away from the initial spatial position, but the time coordi-
nate of the observer in this gauge condition is synchronized
with the proper time. The matter density fluctuation δtpm in the
proper-time hypersurface is, therefore,
δtpm = δ
I
m for gauge choice I. (40)
To the linear order in perturbation, the coordinate observer
is identical to the comoving normal observer, and the same
conclusion for δtpm can be drawn. However, at higher order,
δu0 of the coordinate observer is non-vanishing (hence δτ 6=
0), and the coordinate observer has to accelerate (aα 6= 0) to
stay at the same spatial coordinates. Despite the non-geodesic
motion of gauge choice I, as described by the coordinate ob-
server, the matter density fluctuation in gauge choice I rep-
resents that of the proper-time hypersurface, because it is the
comoving observer of non-relativistic matter that is physically
relevant and whose proper time is synchronized with coordi-
nate time.
C. Gauge choice II: Temporal comoving and spatial B-gauge
The second gauge choice in Table I is a variant of the co-
moving gauge, which is identical in the temporal gauge con-
dition v = 0 but differs only in the spatial gauge condition
Bα = 0 (β = Bα = 0; B-gauge). Therefore, the metric
perturbations and the ADM variables in this gauge choice are
Bα = Nα = 0 , hαβ = a
2(g¯αβ + 2 Cαβ) , (41)
Cαβ = ϕ g¯αβ + γ,α|β + C(α|β) + Cαβ ,
where no further simplification is possible for Cαβ .
With the same temporal gauge condition, gauge choice II
is again the comoving gauge T 0α = 0, and the comoving
observer coincides with the normal observer. With vanish-
ing shift function Nα = 0, it is also the coordinate observer
(V α = 0) in this case. The geodesic condition in Eq. (24)
implies that N = 1 and A = 0 (see Sec. V), and hence gauge
choice II is often called the comoving-synchronous gauge.
However, as is apparent in Eq. (33), while the temporal
gauge freedom is removed T = 0, the spatial gauge freedom
in this case is constrained only to its derivative, i.e., L′α = 0,
implying that even to the linear order in perturbation there
remain spatial gauge modes L = L(x) and Lα = Lα(x),
such that γ and Cα are uniquely determined up to any time-
independent, but scale-dependent functions. We discuss how
the remaining gauge modes affect the solutions in Sec. V.
The motion of the comoving observer is simpler in this
gauge choice — the observer four velocity vector and its path
are
ua = na = (1, 0) , xaλ − x
a
λo
= (∆τ, 0) , (42)
and with vanishing time drift δτ = 0 the matter density fluc-
tuation δm in this gauge choice again represents the matter
density fluctuation δtpm in the same proper-time hypersurface
δtpm = δ
II
m for gauge choice II. (43)
For this simplicity, gauge choice II has been widely used in
literature for computing nonlinear equations (e.g., [30]). We
show in Sec. V that the remaining gauge modes in gauge
choice II affect the matter density fluctuation, and hence it is
incomplete. While we can project out the gauge mode in δIIm,
we show that the matter density fluctuations in gauge choices I
and II are different in Sec. IV and its physical interpretation is
presented in Sec. VI.
7D. Gauge choice III: The synchronous gauge
The third gauge choice in Table I is the original syn-
chronous gauge, in which the temporal gauge condition is
set by A = 0 and the spatial gauge condition is Bα = 0
(β = Bα = 0; B-gauge). This gauge condition implies that
the ADM variables are N = 1 and Nα = 0. Similarly in
gauge choice II, the normal observer is the coordinate ob-
server. However, the comoving observer in this case is
ua =
(
1 +
1
2
V αVα ,
1
a
V α
)
, (44)
different from the normal observer. It is apparent that the
geodesic motion of the comoving observer is not synchronous
with the coordinate time (δτ 6= 0) as δu0 6= 0, and the matter
density fluctuation δm in this gauge choice differs from δtpm of
the proper-time hypersurface, unless the spatial velocity vec-
tor vanishes V α = 0. Nevertheless, Eq. (30) can be used
to compute δtpm in gauge choice III, despite δτ 6= 0 (hence
δ
tp
m 6= δm).
Moreover, it is well-known that the synchronous gauge fails
to fix the gauge freedom. To the linear order in perturbation,
the gauge transformation in Eq. (33) only constrains the gauge
freedom as
T =
c1(x)
a
, L = c1(x)
∫ t dt
a2
+ c2(x) , Lα = Lα(x) ,
(45)
where ci(x) is a time-independent but scale-dependent func-
tion. Therefore, the all the perturbation variables other than
A = Bα = 0 have remaining unphysical gauge modes, even
at the linear order.
However, the geodesic condition in Eq. (23) yields that the
spatial velocity vector decays in time
V α ∝
1
a
, (46)
which suggests that by imposing the initial condition V α =
0 at some early time (e.g., see [29, 31]), the spatial velocity
vanishes all the time, and the comoving observer in Eq. (44)
becomes the coordinate observer (and the normal observer).
Indeed, this initial condition makes gauge choice III identical
to gauge choice II, as the covariant spatial component also
vanishes v = 0 (see Appendix B). Unless the comoving gauge
condition v = 0 is imposed, gauge choice III is complicated
and plagued with unphysical gauge modes beyond the linear
order in perturbation. Hereafter, we assume the specific initial
condition is adopted for gauge choice III (hence identical to
gauge choice II), and further discussion of gauge choice III
will be referred to gauge choice II.
IV. NONLINEAR EVOLUTION EQUATIONS OF THE
MATTER DENSITY FLUCTUATION
Here we derive the nonlinear equation, governing the irro-
tational presureless fluid [19, 22, 32, 33] and obtain their solu-
tions for the gauge choices in Table I. In both gauge choices I
and II, the matter density fluctuations δm represent the mat-
ter density fluctuation δtpm of the proper-time hypersurface.
However, we show that the second-order solutions δm in those
gauge choices are different from each other.
Using the covariant decomposition in Eq. (17), the conser-
vation of the energy-momentum tensor in Eq. (21) yields that
the irrotational presureless fluid should follow the geodesic
path and the energy density is conserved along the geodesic
motion:
aa = 0 ,
d
dλ
ρ+ ρ θ = 0 , (47)
where the derivative with respect to the affine parameter is
d/dλ = ub∂b. It is noted that the geodesic condition used
in Sec. III is the consequence of the energy-momentum con-
servation. The evolution of the expansion θ along the flow is
described by the Raychaudhuri equation [34], and it simplifies
for the irrotational pressureless medium as
d
dλ
θ +
1
3
θ2 + σabσ
ab +Rabu
aub = 0 , (48)
where the Ricci tensor Rab can be further related to the
energy-momentum tensor Tab by using the Einstein equation
Rabu
aub = 4piGρm − Λ . (49)
These nonlinear equations are sufficient to describe the evo-
lution of the irrotational pressureless fluid, and they can be
readily solved by splitting into the background and the pertur-
bation. The background equations are
0 = ˙¯ρm + 3Hρ¯m , (50)
0 = 3(H˙ +H2) + 4piGρ¯m − Λ ,
and the nonlinear perturbation equations are
δ˙m − κ = N
αδm,α + δmκ , (51)
κ˙+ 2Hκ− 4piGρ¯mδm = N
ακ,α +
1
3
κ2 + σabσab ,
where the expansion of the normal observer is related to the
perturbation κ = δK of the extrinsic curvatureK as
θ = −K = 3H − κ . (52)
Combining the two equations, the differential equation for the
evolution of non-relativistic matter can be derived as
δ¨m + 2Hδ˙m − 4piGρ¯mδm (53)
=
1
a2
[
a2 (Nαδm,α + δmκ)
]·
+Nακ,α +
1
3
κ2 + σabσab .
These equations are derived by assuming the temporal co-
moving gauge (v = 0) with the normal observer (ua = na),
while the spatial gauge condition is left unspecified. There-
fore, they apply to both gauge choices I and II in Table I.
8A. Gauge choice I: Temporal comoving and spatial C-gauge
In gauge choice I, the shift function Nα is given in
Sec. III B, and the source terms in Eq. (51) are computed in
Appendix A. Therefore, the nonlinear evolution equations for
the matter density fluctuation δm and the expansion perturba-
tion κ can be written in terms of metric to the second order in
perturbation as
δ˙m − κ = −
1
a2
χ,αδm,α −
1
a
Ψαδm,α + δmκ , (54)
κ˙+ 2Hκ− 4piGρ¯mδm = −
1
a2
χ,ακ,α −
1
a
Ψακ,α +
(
1
a2
χ,α|β +
1
a
Ψα|β + C˙αβ
)(
1
a2
χ,α|β +
1
a
Ψα|β + C˙αβ
)
,
where we used ϕ˙ = 0 at the linear order in computing the
quadratic source terms. These coupled evolution equations
are sourced not only by the scalar contributions, but also by
the vector Ψα and the tensor Cαβ contributions. While the
evolution equations for the vector and tensor contributions can
be supplemented, we simplify the nonlinear evolution equa-
tions (54) by neglecting the linear-order vector and tensor
contributions, as we are interested in the evolution of non-
relativistic matter in the late time. Furthermore, since the
expansion perturbation is κ = −∇2χ/a2 at the linear order
(see Appendix A), the nonlinear evolution equations become
a closed system of two differential equations for δm and κ.
To the second order in perturbation, we define a velocity
vector v in relation to the expansion perturbation as
κ ≡ −
1
a
∇ · v , (55)
and the velocity vector is curl-free to the linear order:
v(1) =
1
a
∇χ(1) . (56)
In terms of the velocity vector, the nonlinear evolution equa-
tions for the matter density fluctuation and the expansion per-
turbation in gauge choice I become identical to the Newtonian
equations for a presureless medium [35, 36]:
δ˙m +
1
a
∇ · v = −
1
a
∇ · (δmv) , (57)
∇ · v˙ +H∇ · v + 4piGaρ¯mδm = −
1
a
∇ · [(v · ∇)v] ,
if we identify the matter density fluctuation δm and the expan-
sion perturbation κ in gauge choice I as the Newtonian matter
density fluctuation and the Newtonian expansion Θ = ∇ · v
as in Eq. (55). With this identification, the master equation for
the matter density fluctuation in Eq. (53) can be rephrased as
δ¨m + 2Hδ˙m − 4piGρ¯mδm (58)
= −
1
a2
[a∇ · (δmv)]
·
+
1
a2
∇ · [(v · ∇)v] .
The correspondence between the Newtonian dynamics and
the relativistic dynamics in gauge choice I is valid only to the
second order in perturbation in the absence of linear-order
vector and tensor components in a universe with irrotational
pressureless medium, while it is noted that the Newtonian
equations as in Eq. (57) are fully nonlinear (see, e.g., [37]),
valid to all orders in perturbation. Beyond the second order,
however, no exact correspondence is possible due to relativis-
tic corrections (see, e.g., [36]). Second-order vectors and ten-
sors are naturally generated by scalar contributions, and they
affect the third-order scalar contributions. However, in the ab-
sence of the linear-order vector or tensor components, scalar-
generated second-order vector or tensor components are de-
coupled from the nonlinear evolution equations (54).
B. Gauge choice II: Temporal comoving and spatial B-gauge
In gauge choice II, the metric perturbations are present only
in the spatial metric hαβ , and the nonlinear evolution equa-
tions (51) and (53) are simpler due to the absence of the shift
function Nα. In terms of metric perturbations, the first two
source terms in the right-hand side of Eqs. (54) are absent in
gauge choice II, but its generic structure of the coupled dif-
ferential equations remains unchanged — the evolution equa-
tions are closed, only if linear-order vector and tensor contri-
butions vanish.
Under the same assumption that no vector and tensor contri-
butions are present at the linear order, we express the evolution
equations in terms of the Newtonian velocity vector defined in
Eq. (55) as
δ˙m +
1
a
∇ · v = −
1
a
δm∇ · v , (59)
∇ · v˙ +H∇ · v + 4piGaρ¯mδm = −
1
a
∇ · [(v · ∇)v]
+
1
a
v · ∇(∇ · v) ,
and the master equation for the matter density fluctuation in
Eq. (53) becomes
δ¨m + 2Hδ˙m − 4piGρ¯mδm (60)
= −
1
a2
[aδm∇ · v]
·
+
1
a2
∇ · [(v · ∇)v] −
1
a2
v · ∇(∇ · v) .
As in gauge choice I, there exists a Newtonian correspon-
dence in the evolution equations in gauge choice II [19].
9As we showed in Sec. III, the spatial coordinates of non-
relativistic matter remain unchanged all the time (the spatial
drift δxα = 0), such that the coordinate system is tracking
the particle motion, i.e., if we identify the time derivative in
Eq. (59) as the Lagrangian derivative in Newtonian dynamics
∂
∂t
→
D
Dt
=
∂
∂t
+ (v · ∇) , (61)
the evolution equations can be recasted as those in the New-
tonian Lagrangian frame [19, 38, 39], describing the same
system as in gauge choice I. However, this correspondence
is again valid only to the second order in perturbation, in the
absence of linear-order vector or tensor contributions. At the
third order in perturbation, pure relativistic corrections appear
[38].
C. Nonlinear solutions for matter density and expansion
perturbation
Having set up the closed coupled differential equations, we
derive the solutions for the matter density fluctuation and the
expansion perturbation with the gauge choices in Table I. As
the evolution equations are rephrased in a way similar to the
Newtonian dynamics, we can simply follow the standard per-
turbative approach to solving the differential equations (e.g.,
[37]).
The matter density fluctuation and the divergence of the ve-
locity vector (or the expansion) are expanded in Fourier space
as
δm(k, t) = δ
(1)
m + δ
(2)
m + · · · , (62)
Θ(k, t) = [∇ · v] (k, t) = Θ(1) +Θ(2) + · · · ,
and the linear-order solutions takes the usual form
δ(1)m (k, t) = D(t)δ(k) , Θ
(1)(k, t) = −HD(t)fδ(k) ,
(63)
where δ(k) is the matter density fluctuation at the initial time,
the growth factor D(t) is normalized at the initial time, and
f = d lnD/d ln a is the logarithmic growth rate.2 The master
equations (58) and (60) for the matter density fluctuation in
gauge choices I and II are identical to the linear order, accom-
modating the same linear-order solution, as in Eq. (63).
The second-order solution can be derived by using the stan-
dard convolution forms in Fourier space as
δ(2)m (k, t) = D
2(t)
∫
d3q
(2pi)3
F2(q,k − q)δ(q)δ(k − q) , (64)
Θ(2)(k, t) = −HfD2(t)
∫
d3q
(2pi)3
G2(q,k − q)δ(q)δ(k − q) .
2 Even in the Newtonian dynamics, it is difficult to obtain an exact ana-
lytic solution for the matter density fluctuation, unless the Universe is a
Einstein-de Sitter (EdS) universe with maximum symmetry. However, it is
well-known that good approximate solutions are available in analytic form,
when the growth factor D and the logarithmic growth rate f are used in the
perturbative approach.
For gauge choice I, the perturbation kernels for the matter den-
sity fluctuation and the velocity divergence are
F I2(q1,q2) =
5
7
+
2
7
(
q1 · q2
q1q2
)2
+
q1 · q2
2q1q2
(
q1
q2
+
q2
q1
)
,(65)
GI2(q1,q2) =
3
7
+
4
7
(
q1 · q2
q1q2
)2
+
q1 · q2
2q1q2
(
q1
q2
+
q2
q1
)
.
Since the governing equations (57) coincide with the Newto-
nian dynamics, the perturbation kernels are naturally identi-
cal to those in the Newtonian perturbation theory. For gauge
choice II, as the source terms in Eq. (59) are different from the
standard Eulerian perturbation theory, the perturbation kernels
are also different (see [38, 40, 41])
F II2 (q1,q2) =
5
7
+
2
7
(
q1 · q2
q1q2
)2
, (66)
GII2 (q1,q2) =
3
7
+
4
7
(
q1 · q2
q1q2
)2
.
Compared to the perturbation kernels in Eqs. (65) for gauge
choice I, the dipole terms are absent in Eqs. (66) for gauge
choice II. The matter density fluctuations in the gauge choices
in Table I are, therefore, different at the second-order. We dis-
cuss the difference in their physical interpretation in Sec. VI.
As is the case in the standard perturbation theory [37, 42]
the recurrence relation can be derived for the perturbation ker-
nels (Fn, Gn) at higher order in gauge choice I (e.g., [40, 43]).
However, in the relativistic dynamics, the nonlinear equa-
tions (51) are closed to the second order only when the linear-
order vector and tensor contributions are neglected. Further-
more, the shear amplitude σabσab in the source term has ad-
ditional contributions from δm and v at orders beyond the
second order [36], invalidating the use of the recurrence re-
lation at orders higher than that of the shear amplitude. More
importantly, beyond the second order in perturbation, scalar-
generated vector and tensor contributions may cause system-
atic errors in the higher-order calculations.
V. GAUGE ISSUES IN THE SOLUTION
Gauge issue is a flaw in theory, and it has to be removed be-
fore any unique prediction in theory can be made in compar-
ison to physical quantities. As we discussed in Sec. III, there
exist remaining gauge modes in gauge choice II. We show that
despite their presence, the matter density fluctuation in gauge
choice II can be made independent to the second order in per-
turbation.
A. Linear-order gauge-transformation
Both gauge choices I and II in Table I take as the temporal
gauge condition the comoving gauge T 0α = 0, which to the
linear order in perturbation imposes the vector component of
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the four velocity vanishes v˜α = vα = 0 and the scalar com-
ponent satisfies
v˜,α = v,α + T,α = 0 . (67)
Furthermore, the momentum constraint of the pressureless
fluid indicates that the flow follows the geodesic in Eq. (24)
0 = N,α = A,α , (68)
where we used the ADM relation to the metric perturbations
in Appendix A. The temporal gauge freedom is indeed con-
strained by the comoving gauge condition, only to be a scale-
independent, but time-dependent function T = T (t), which
can be used to setA = 0 by specifying T = c/a(t), where c is
some (unspecified) constant. This constant is further removed
(c = 0, hence T = 0) by the conservation of the curvature
perturbation ϕ˙ = 0.
Following these series of gauge transformations, both
gauge choices have vanishing metric perturbation A = 0 in
time coordinates, and the time lapse of the ADM variable is
N = 1. However, this is a deliberate gauge choice, not au-
tomatically imposed by the comoving gauge condition. Two
gauge choices in Table I differ in the spatial gauge condition,
but the remaining spatial gauge mode in gauge choice II has
no impact on the matter density fluctuation δm and the ex-
pansion perturbation κ as shown in Eq. (33). This is further
borne out by the equivalence of the nonlinear evolution equa-
tions (51) at the linear order.
B. Second-order gauge-transformation
To the second order in perturbation, the temporal gauge
freedom can be completely removed (T = 0) for both gauge
choices in Table I in a similar way to the linear-order case by
setting N = 1 from the geodesic condition, in addition to the
comoving gauge condition v = vα = 0. This implies that the
metric perturbation in the time component vanishes A = 0
for gauge choice II, while only the combination vanishes for
gauge choice I
A+
1
2
BαBα = 0 , (69)
where we used A(1) = 0 (see Appendix A). However, the
above combination can be set to be a non-vanishing, but scale-
independent function.
Regarding the spatial gauge condition, gauge choice I re-
moves L(1) = L
(1)
α = 0 in Eq. (33), and the spatial metric
perturbation in this case transforms to the second order in per-
turbation as [16, 20]
C˜
(2)
αβ = C
(2)
αβ − L
(2)
(α|β) . (70)
Therefore, the decomposed perturbations transform as
γ˜(2) = γ(2) − L(2) , C˜(2)α = C
(2)
α − L
(2)
α , (71)
and the spatial gauge freedom can be completely removed in
gauge choice I by imposing γ = Cα = 0 to the second order
in perturbation.
By contrast, gauge choice II sets L(1)′ = L(1)′α = 0 in
Eq. (33), and the off-diagonal metric perturbation in this case
transforms as
B˜(2)α = B
(2)
α + L
(2)′
α − Bα|βL
β − BβL
β
|α . (72)
Therefore, the spatial gauge freedom is constrained in gauge
choice II as L(2)′α = 0, and the residual spatial gauge mode
remains as
L = L(1,2)(x) , Lα = L
(1,2)
α (x) . (73)
In gauge choice I, no gauge freedom remains, and the so-
lutions of the nonlinear Eqs. (51) and hence Eqs. (57) are
uniquely determined. In gauge choice II, the remaining spatial
gauge freedom can affect the solution, as the matter density
fluctuation and the expansion transform to the second order in
perturbation as [19]
δ˜IIm(x, t) = δ
II
m(x, t)−∇δ
II
m · L
α(x) , (74)
κ˜II(x, t) = κII(x, t)−∇κII · Lα(x) .
It is now apparent that the solutions δm and κ in gauge
choice II are not uniquely determined due to the arbitrary
scale-dependent function Lα(x). However, it appears that
the solutions in Eq. (66) are uniquely determined in gauge
choice II, despite the presence of gauge modes. Since the
time-independent gauge modes in Eq. (74) are multiplied by
the linear-order solutions, it vanishes in the left-hand side of
Eqs. (59) and (60). In other words, the solutions in Eq. (66)
are obtained by projecting out the remaining gauge modes in
Eq. (74).
VI. PHYSICAL INTERPRETATION OF THE SOLUTIONS
The matter density fluctuations δI,IIm in two gauge choices
represent the matter density fluctuation δtpm in the same proper-
time hypersurface, and they both lack any gauge issues. At
first glance, this conclusion appears odd, because the proper-
time hypersurface of non-relativistic matter is physically well-
defined and unique, yet solutions in two gauge choices differ
as shown in Eqs. (65) and (66). The power spectrum and the
bispectrum of the matter density fluctuations in these gauge
choices are computed in [40, 43], showing the clear differ-
ence in two gauge choices. As we discussed in Sec. IV,
the relativistic dynamics in gauge choices I and II are iden-
tical to the Eulerian and the Lagrangian Newtonian dynamics,
respectively. However, we again emphasize that these cor-
respondences are valid in the absence of linear-order vector
or tensor, and pure relativistic corrections appear beyond the
second-order in perturbations.
At the linear order, the gauge choices in Table I are iden-
tical, and the matter density fluctuations are also equivalent
δIm = δ
II
m (and κI = κII), which can be obtained from
the Boltzmann codes such as CMBFAST [31], CAMB [44], and
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CLASS [45]. The difference arises beginning at the second or-
der in perturbation, and the critical difference can be found in
the large-scale limit of their kernels:
lim
k→0
F I2(q,k− q) =
3− 5µ2
7
k2
q2
+O(k3) , (75)
lim
k→0
F II2 (q,k− q) = 1 +
2(µ2 − 1)
7
k2
q2
+O(k3) ,
where µ = k·q/kq. The kernel for gauge choice I vanishes as
k2 in the large-scale limit, while the kernel for gauge choice II
becomes unity.
It is argued [46] that any nonlinear correction to the initial
density field has to scale as wavenumber with power no less
than two in the large-scale limit, since gravity respects the
mass and the momentum conservation. The matter density
fluctuation δIIm in gauge choice II in this respect violates the
mass conservation, which essentially is due to the absence of
the dipole term in Eq. (66). This can be further elaborated by
considering the ensemble average of the matter density fluc-
tuations:
〈
δ(2)m (t,x)
〉
=
∫
d3q
(2pi)3
P (t,q)F2(q,−q) =
{
0 for I
σ2m for II
,
(76)
where P (t,q) is the linear matter power spectrum and σ2m =
〈δ2m〉 is the unsmoothed rms fluctuation.
To the second order, the matter density fluctuation in gauge
choice I, therefore, properly represents the “mean” matter
density and the fluctuation around the mean:
ρm(t,x) = ρ¯m(t)
(
1 + δIm
)
, 〈ρm(t,x)〉 = ρ¯m(t) , (77)
and it is noted that the mean matter density ρ¯m is based on the
coordinate time due to symmetry and its equality to the en-
semble average is not by the definition. By contrast, the mat-
ter density fluctuation in gauge choice II has non-vanishing
mean
ρm(t,x) = ρ¯m(t)
(
1 + δIIm
)
, 〈ρm(t,x)〉 = ρ¯m(t)
(
1 + σ2m
)
,
(78)
as is derived in Eq. (76). The local observer sitting at the flow
of non-relativistic matter has no way to obtain the “mean”
matter density 〈ρm〉 averaged over the proper-time hypersur-
face. However, the mean matter density ρ¯m(τ) in the homo-
geneous universe can be estimated by using the proper time τ
of the observer. Therefore, the correct matter density fluctua-
tion δtpm in the proper-time hypersurface is represented by the
matter density fluctuation δIm in gauge choice I.
However, it remains still puzzling that both gauge choices
as shown in Sec. III represent the physically well-defined hy-
persurface of non-relativistic matter flow, yet the matter den-
sity fluctuations differ without any gauge issues present. The
resolution can be found by considering a transformation from
gauge choice II to gauge choice I. Both gauge choices share
the common time coordinates tI = tII (T = 0), but differ only
in the spatial coordinates
xI = xII + Lα(t,x) . (79)
According to Eq. (33), we derive the linear-order gauge trans-
formation as
L = γII , L′ =
1
a
χ , Lα = C
II
α , L
′
α = Ψα , (80)
where Ψα is gauge invariant and χ is spatially invariant to the
linear order. Integrating over time, the spatial transformation
is obtained as
Lα =
∫ t dt
a
(
1
a
∇χ+Ψα
)
+∇γII(x) + CIIα (x) , (81)
where the integral term represents the time-dependent phys-
ical modes. The remaining time-independent but scale-
dependent metric perturbations represent the remaining gauge
freedom in gauge choice II, and they do not affect the mat-
ter density fluctuation δIIm as shown in Sec. V (see [19]). As
in Eq. (74), the matter density fluctuation and the expansion
perturbation are related as
δIm(x, t) = δ
II
m(x, t) −∇δ
II
m ·
∫ t dt
a
(
1
a
∇χ+Ψα
)
,(82)
κI(x, t) = κII(x, t)−∇κII ·
∫ t dt
a
(
1
a
∇χ+Ψα
)
.
It is now apparent that the spatial transformation Lα in
Eq. (81) is nothing but the spatial drift δxα of non-relativistic
matter in Eq. (39). Therefore, the difference between the
gauge choices is that while they both represent the same
proper-time hypersurface, their spatial coordinates differ in
a way that the re-labeling of the spatial coordinate in gauge
choice II violates the mass conservation at the second order in
perturbation.
Furthermore, the spatial coordinate transformation in
Eq. (79) can be viewed as a transformation from the La-
grangian frame (gauge choice II) to the Eulerian frame (gauge
choice I). As we discussed in Sec. III, the spatial drift δxα
of non-relativistic matter in gauge choice II vanishes, such
that the coordinate xII in Eq. (79) is identical to the initial
position q at very early time and the spatial transformation
vector Lα(t,x) corresponds to the Lagrangian displacement
vector Ψ:
x(t,q) = q+Ψ(t,q) , (83)
whereΨ should be distinguished from the vector perturbation
Ψα. In particular, the nonlinear evolution equation (51) at the
linear order yields
δ˙ = κ = −
∆
a2
χ , (84)
and the spatial transformation vector in Eq. (81) is then related
to the linear-order matter density fluctuation as
Lα = −∆−1∇δm(t,x) + c(x) = Ψ(t,x) + c(x) , (85)
where c(x) is a scale-dependent integration constant and we
ignored the vector contribution to the transformation.
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Compared to δIm in Eq. (82), the matter density fluctuation
in gauge choice II is further compensated by the displacement
vector:
[
∇δIIm ·Ψ
]
(t,k) (86)
= −D2(t)
∫
d3q
(2pi)3
[
q1 · q2
2q1q2
(
q1
q2
+
q2
q1
)]
δ(q)δ(k − q) ,
which eliminates the dipole term in Eq. (65), leading to the
kernel F II2 in Eq. (66).
With this understanding, it is evident that gauge choices I
and II describe the same system of irrotational non-relativistic
matter flows, but in different perspectives: Eulerian versus La-
grangian. Furthermore, it is noted that as shown in Eq. (82)
the matter density fluctuation in gauge choice II is not the one
in Lagrangian perturbation theory, in which the matter den-
sity fluctuation respects the mass and the momentum conser-
vation.
VII. GALAXY BIAS IN GENERAL RELATIVITY
Having identified the correct temporal and spatial gauge
choices for the proper-time hypersurface, we are in a good
position to discuss galaxy bias in the context of general rel-
ativity. Galaxy bias refers to the relation between the galaxy
number density and the underlying matter distribution, and
this relation is physically well-defined.
Due to the complexity of galaxy formation physics on small
scales, biasing schemes are naturally effective descriptions,
valid on large scales, which is the scale of our primary inter-
est. The linear bias model (e.g., [9]) is that the galaxy num-
ber density fluctuation δintg is proportional to the matter den-
sity fluctuation δm with constant bias factor b on large scales,
where the the physical galaxy number density ng is separated
into the mean and the fluctuation around it in a given coordi-
nate system as
ng = n¯g(τ)(1 + δ
int
g ) . (87)
In general relativity, since the matter density fluctuation δm
is gauge-dependent, the linear bias model makes little sense
as long as the hypersurface for δm remains unspecified. In
the context of general relativity, the linear bias model was re-
casted [3, 5, 6, 10, 11] to be valid in the proper-time hypersur-
face, and in terms of our notation τ in Eq. (87) is literally the
proper-time and the galaxy number density fluctuation is
δintg = b δ
I,II
m , (88)
where δIm = δIIm at the linear order.
The linear biasing model can be naturally extended to to the
second order in perturbation as
δintg = b δ
I
m , (89)
and using Eqs. (76) and (77) the galaxy number density fluc-
tuation satisfies
〈δintg 〉τ = 0 , n¯g(τ) = 〈ng〉τ , (90)
where the ensemble average in this case is written as the spa-
tial average in the proper-time hypersurface. It should be
noted from Eqs. (76) and (78) that the above relation for ng is
violated in gauge choice II.
Beyond the linear order in Newtonian dynamics, local bi-
asing models (e.g., [47, 48]) are frequently used, in which
the galaxy number density fluctuation is a nonlinear function
of the matter density fluctuation to be expanded in a Taylor
series. At higher order, however, additional non-local terms
can be included in biasing [49], and it was shown (e.g., [50–
53]) that consistent renormalization of galaxy bias requires the
presence of non-local derivative terms in addition to the local
terms. At the second order, the additional non-local term is the
contraction s2 = sijsij of the gravitational tidal tensor [49],
and its evidence was measured [54] in simulations, where
sij ≡ ∇i∇jφ−
1
3
δKij δm =
[
∇i∇j∆
−1 −
1
3
δKij
]
δm , (91)
the normalization is ∇2φ = δm, and δKij is the Kronecker
delta.
To the second order, these quadratic terms in galaxy bias
can be readily implemented to the relativistic framework, be-
cause we only need to consider them at the linear order:
δm → δ
I,II
m , φ→
−ϕχ
4piGρ¯ma2
, (92)
where the curvature potential ϕχ in the conformal Newtonian
gauge is related to the gauge choices in Table I as ϕχ = ϕ −
Hχ at the linear order.3
Therefore, the intrinsic fluctuation δintg of the galaxy num-
ber density in general relativity can be written to the second
order in perturbation as
δintg = b1 δ
I
m +
1
2
b2
[
(δIm)
2 − σ2m
]
+ bs2
[
s2 − 〈s2〉
]
, (93)
where 〈s2〉 = 2σ2m/3 and it is noted that δIm = δ
I(1)
m + δ
I(2)
m .
Individual variables in Eq. (93) are gauge-invariant, and of
course they can be computed in other choices of gauge condi-
tions, in which calculations become more involved.
Given the full second-order treatment in this paper, we
briefly touch on the third-order galaxy bias in general relativ-
ity. At the third order in perturbation, the additional non-local
terms are the cubic combination of the matter density fluctua-
tion δIm, the gravitational tidal tensor sij , and the velocity tidal
tensor tij , such as (δIm)3, s2δIm, s3, and sijtij [49], where the
velocity tidal tensor is,
tij ≡
[
∇i∇j∆
−1 −
1
3
δKij
]
(θN − δm) , (94)
3 In terms of metric perturbation, the conformal Newtonian gauge (also
known as the Poisson gauge or the longitudinal gauge) is defined with
the temporal gauge condition χ = 0 and the spatial gauge condition
γ = 0. The notation is written in a way that the gauge invariant variable
ϕχ = ϕ − Hχ becomes the curvature perturbation ϕ in the conformal
Newtonian gauge (χ = 0). The scalar shear component of the normal
observer is σαβ = χ,α|β − g¯αβ∆χ/3, and hence the temporal gauge
condition χ = 0 is often called the zero-shear gauge.
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non-vanishing only at the second order and the normalization
in Newtonian dynamics is ∇2θN = δm. Noting that the per-
turbation variables differ at the second order, we can readily
identify the normalized divergence as
θN → −
1
Hf
ΘI =
κI
Hf
, (95)
and of course δm = δIm in the relativistic framework. Another
non-local term in galaxy bias that is by itself at the third order
in perturbation is the scalar deviation [49]:
ψ = θN − δm −
2
7
s2 +
4
21
δ2m , (96)
which vanishes up to the second-order in perturbation. We
speculate that the scalar deviation term ψ may be identified
by using the expansion perturbation κI as
ψ →
κI
Hf
− δIm −
2
7
s2 +
4
21
(
δIm
)2
, (97)
at the third order.
VIII. DISCUSSION
We have computed the matter density fluctuation δtpm in the
proper-time hypersurface of non-relativistic matter flows to
the second order in perturbation. It is identical to the mat-
ter density fluctuation in the temporal comoving gauge and
the spatial C-gauge (gauge choice I in Table I). The com-
monly used matter density fluctuation in the temporal comov-
ing gauge and the spatial B-gauge (N = 1, Nα = 0; gauge
choice II) violates the mass conservation, while it is gauge-
invariant and also represents that in the proper-time hypersur-
face. We have provided physical understanding of each gauge
condition by deriving the geodesic path of the comoving ob-
server, solving the nonlinear evolution equations, and provid-
ing connections between gauge conditions. Drawing on this
finding, we have provided the second-order galaxy biasing in
general relativity, incorporating the nonlinear local and nonlo-
cal terms that should be present for consistent renormalization
of galaxy bias. The second-order galaxy biasing in this work
provides an essential ingredient of the second-order relativis-
tic description of galaxy clustering [16].
Non-relativistic matter responds only to gravity, following
geodesic path and building up nonlinearity over time. When
the density fluctuation becomes enormous δm ≥ 200, the
gravitationally bound objects form, and the trajectories of
non-relativistic matter are entangled at the same time. How-
ever, apart from these highly nonlinear regions and caustics,
the flows of non-relativistic matter are non-intersecting and
well-defined, in particular on large scales, but well into quasi-
linear scales, which is the main reason the Zel’dovich approx-
imation [55] or its variants are highly successful in describing
nonlinearity. Therefore, on large scales, which is the scale
of primary interest of this work, the proper-time hypersur-
face of non-relativistic matter flows is physically well-defined,
and the matter density fluctuation δtpm in the hypersurface can
be computed without any ambiguity. Following the geodesic
path of non-relativistic matter, we have derived the time drift
δτ in Eq. (28) from the proper-time measured by the comov-
ing observer of non-relativistic matter and used it to provide
the formula in Eq. (30) for the matter density fluctuation δtpm
in the proper-time hypersurface.
Equation (30) can be evaluated with any choice of gauge
condition, and it is often the case that the gauge choices in
Table I are adopted to compute δtpm at the linear order using
the popular Boltzmann codes such as CMBFAST [31], CAMB
[44], and CLASS [45], in which the matter density fluctuations
in those gauge conditions are equivalent. However, at the sec-
ond order in perturbations, they are different, posing a crit-
ical question in galaxy bias — which matter density fluctua-
tion represents the correct matter density fluctuation δtpm of the
proper-time hypersurface that can be used in galaxy bias at the
second order?
Gauge choice II is the commonly used comoving-
synchronous gauge, in which there is no perturbation in the
time coordinate N = 1 and the off-diagonal metric compo-
nent Nα = 0. With perturbations present only in the spatial
metric, the coordinates follow the geodesic path, and the co-
moving observer is fixated at the spatial coordinates, such that
the time drift of the comoving observer vanishes δτ = 0 and
the time coordinate in gauge choice II is synchronized with
the proper time of non-relativistic matter to all orders in per-
turbation. Therefore, the matter density fluctuation δIIm is the
matter density fluctuation δtpm in the proper-time hypersurface.
Despite the presence in this gauge choice, the remaining spa-
tial gauge modes, which leave δIIm undetermined as in Eq. (74),
can be projected out in δIIm by hand as in Eq. (66).
Gauge choice III is the original synchronous gauge. De-
spite the similarity to gauge choice II, additional temporal
gauge mode remains in this gauge choice, even at the linear
order, which needs to be removed by imposing the initial con-
dition and thereby aligning it with gauge choice II. At the sec-
ond order, gauge choice I has non-vanishing perturbation in
the time component, and the coordinate observer is on non-
inertial path. However, despite this shortcoming, the time co-
ordinate of the comoving observer is still synchronized with
the proper-time of non-relativistic matter in this gauge choice
(δτ = 0), and the matter density fluctuation δIm is the matter
density fluctuation δtpm in the proper-time hypersurface. Gauge
freedom is completely fixed in this gauge choice, and δIm in
Eq. (65) is different from δIIm at the second order.
The physical resolution to the puzzle comes from the gauge
transformation in each gauge condition. At the linear order,
spatial gauge transformation is pure artifact due to the spa-
tial symmetry in the background. However, at the second or-
der, spatial gauge transformation is no longer a gauge artifact,
but a physical transformation. Both gauge choices I and II
describe the proper-time hypersurface of non-relativistic mat-
ter, but differ in spatial coordinates as illustrated in Eq. (79).
In particular, the difference in the spatial coordinates is ex-
actly the spatial drift of non-relativistic matter as in Eqs. (39)
and (81) — gauge choice I describes the non-relativistic flows
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in Eulerian frame, while gauge choice II in Lagrangian frame.
Precisely due to this difference in spatial displacement, the
matter density fluctuations in both gauge choices differ, and
one in gauge choice II violates the mass conservation, arising
from the spatial distortion in coordinates. In the rest frame
of non-relativistic matter, the proper-time is the only local ob-
servable that can be used to infer the mean matter density of
the hypersurface. However, there exists non-vanishing large-
scale mode present 〈δIIm〉 = σ2m in gauge choice II, and hence
δIIm cannot correctly describe the fluctuation around the mean
〈ρm〉t 6= ρ¯m(t) in the proper-time hypersurface. Similar con-
clusion was drawn in [38], in which the one-loop matter power
spectrum in gauge choice II is computed.
With the proper identification of the matter density fluctua-
tion in the proper-time hypersurface of non-relativistic matter
flows, it becomes straightforward to generalize the nonlinear
galaxy biasing schemes (e.g., [47–52, 54]) in Newtonian dy-
namics to those in the context of general relativity. In addi-
tion to the linear bias term, which requires the computation of
second-order matter density fluctuation, additional nonlinear
bias terms are quadratic at the second order, and hence their
individual quantities need to be evaluated at the linear order.
The additional local term δ2m can be trivially implemented,
and we have identified the additional nonlocal term s2 from
the gravitational tidal tensor as the Newtonian gauge curva-
ture perturbation in Eqs. (91) and (92). The complete second-
order galaxy biasing is given in Eq. (93). Additional third-
order terms in galaxy bias are briefly discussed in Sec. VII.
Recently, the second-order relativistic description of galaxy
clustering is computed by several groups [16–18]. In Bertacca
et al. [17], they argue that the matter density fluctuation in the
proper-time hypersurface is one δIIm in the comoving-time or-
thogonal gauge (gauge choice II in our terminology). As they
correctly argue, the matter density fluctuation δIIm is gauge-
invariant to the second order, if the remaining gauge modes
are projected out. However, as we showed in this paper, δIIm
does not properly represent the matter density fluctuation with
the mean at the local proper time, violating the mass conser-
vation. Yoo and Zaldarriaga [16] advocated the proper-time
hypersurface for the second-order galaxy biasing scheme, and
this current work completes the second-order relativistic de-
scription in [16] by providing the physical ground for galaxy
bias.
Given the rapid development of current and future galaxy
surveys and the particular emphasis on testing gravity on large
scales, theoretical predictions need to be further improved by
going beyond the linear theory, and subtle relativistic effects
in galaxy clustering need to be fully utilized to take advantage
of precision measurements of galaxy clustering. Equipped
with the second-order galaxy biasing in this work, the second-
order general relativistic description of galaxy clustering [16]
provides such natural theoretical framework, in which fur-
ther applications can build on such as the computation of the
galaxy three-point statistics for investigating the sensitivity of
the relativistic effect to the primordial non-Gaussianity and
the modification of gravity on large scales.
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Appendix A: Metric perturbations and their relation to the
ADM variables
Thorough second-order calculations are presented in Noh
and Hwang [20] (see also [56]). Here we summarize the use-
ful relations between metric perturbations and the ADM vari-
ables that are used in the text.
Given the FRW metric perturbations in Eq. (4), the shift
vector and the induced spatial metric in Eq. (8) are trivially
matched as
Nα = −aBα , hαβ = a
2 (g¯αβ + 2Cαβ) . (A1)
To the second order in perturbation, the remaining ADM vari-
ables are derived as
N = 1 +A−
1
2
A2 +
1
2
BαBα , (A2)
hαβ =
1
a2
(
g¯αβ − 2 Cαβ + 4 Cαγ C
βγ
)
,
Nα = hαβNβ =
1
a
(
−Bα + 2 BβCαβ
)
.
In terms of metric perturbations, the normal observer in
Eq. (13) is
n0 = 1−A+
3
2
A2 −
1
2
BαBα , (A3)
nα =
1
a
(
Bα −ABα − 2 CαβBβ
)
,
and the four velocity in Eq. (15) is
δu0 = −A+
3
2
A2 +
1
2
V αVα − V
αBα , (A4)
u0 = −
(
1 +A−
1
2
A2 +
1
2
V αVα
)
,
uα = a
(
Vα − Bα + 2CαβV
β
)
,
where δu0 is derived by the normalization condition (uaua =
−1).
The perturbation to the trace of the extrinsic curvature ten-
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sor and the traceless part of the extrinsic curvature are
κ = δK = 3HA−
1
a
(
Bα|α + C
α′
α
)
+
A
a
(
Bα|α + C
α′
α
)
−
3
2
H
(
3A2 − BαBα
)
+
1
a
Bβ
(
2 Cαβ|α − C
α
α|β
)
+
2
a
Cαβ
(
Bα|β + C
′
αβ
)
, (A5)
σαβ = a
(
B(α|β) + C
′
αβ
)
(1 −A)− aBγ
(
2 Cγ(α|β) − Cαβ
|γ
)
−
2
3
aCαβ
(
Bγ|γ + C
γ′
γ
)
−
a
3
g¯αβ
[ (
Bγ |γ + C
γ′
γ
)
(1−A)
−Bγ
(
2 Cδγ|δ − C
δ
δ|γ
)
− 2 Cγδ
(
Bγ|δ + C
′
γδ
) ] (A6)
= −K¯αβ ,
and we derive the nonlinear terms in Eq. (51)
σabσ
ab =
1
a4
[
χ,α|βχ
,α|β −
1
3
(∆χ)
2
]
+
1
a2
Ψα|βΨ
α|β
+C˙αβC˙
αβ +
2
a2
χ,α|β
(
1
a
Ψα|β + C˙αβ
)
+
2
a
Ψα|βC˙
αβ , (A7)
1
3
κ2 + σabσ
ab =
(
1
a2
χ,α|β +
1
a
Ψα|β + C˙αβ
)
×
(
1
a2
χ,α|β +
1
a
Ψα|β + C˙αβ
)
. (A8)
Appendix B: Gauge choice III — The synchronous gauge
Despite the similarity in the metric representation to gauge
choice II, gauge choice III in Table I leaves gauge freedoms
constrained only as in Eq. (45), and the metric perturbations
other thanA = Bα = 0 are not uniquely determined by gauge
choice III, even to the linear order in perturbation. Further-
more, since the comoving observer in this gauge choice dif-
fers from the normal observer, we cannot use the nonlinear
equations (51) derived based on the covariant decomposition
of the normal observer. It is noted that the energy momentum
tensor in Eq. (21) is expressed in terms of the comoving ob-
server and the fluid quantities would be different if they are
measured by the normal observer.
The Einstein equations in gauge choice III are
κ =
k2
a2
χ+ 12piGρ¯mav , (B1)
κ˙+ 2Hκ = 4piGρmδm ,
and the conservation equations yield
δ˙m = κ−
k2
a
v , (B2)
v˙ +Hv = 0 .
It becomes immediately clear that the differential equations in
gauge choice III will become equivalent to those in Eq. (51) in
gauge choice II, if the spatial scalar velocity vanishes v = 0,
which decays in time according to the conservation equation.
As discussed in Sec. III D, this can be achieved by setting
v = 0 at the initial condition and thereby effectively assum-
ing gauge choice II. This is the gauge choice (and the initial
condition) adopted in the Boltzmann codes such as CMBFAST
[31], CAMB [44], and CLASS [45].
In gauge choice III, the remaining gauge modes affect the
matter density fluctuation and the expansion perturbation as
δ˜m = δm + 3HT = δm + 3Hc1(x) , (B3)
κ˜ = κ+
(
3H˙ +
∆
a2
)
aT = κ+ 3H˙c1(x) +
∆
a2
c1(x) ,
where c1(x) is an indeterminate scale-dependent function in
Eq. (45). However, even in the presence of these gauge modes,
the evolution equations (51) for gauge choice II can be used at
the linear order, because the gauge modes happen to be pro-
portional to the linear-order solutions H and H˙ in Eq. (51).
However, this accidental coincidence is absent beyond the lin-
ear order, and one has to specifically adopt gauge choice II to
proceed further.
The metric representation in Ma and Bertschinger [29] is
related to our notation as
hij = 2 Cij , h = 6 ϕ+ 2∆γ , η = −ϕ . (B4)
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